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ABSTRACT A new model of two-dimensional elasticity with application to the erythrocyte membrane is proposed. The
system consists of a planar array of self-adhesive particles attached to nearest neighbors with flexible tethers. Stretching from
the equilibrium dimension is resisted because force is required to dissociate the particle clusters and to decrease the
distribution entropy. Release of the external force is accompanied by a contraction as thermal diffusion randomizes the
particles and allows interparticle attachments to form again. Analysis of membrane thermodynamics and mechanics under
the two-state particle assumption results in a shear softening stress-strain relation. The shear modulus is found proportional
to the square root of the surface density of particles, the interparticle adhesive energy, and is inversely proportional to the
tether length. Applied to the erythrocyte membrane under the assumption that band 3 tetramer represents the particle and
spectrin the tether, the shear modulus predicted corresponds to the measured value when the interparticle adhesive energy
is -4.0-5.9 kT, where kT is the Boltzmann constant multiplied by the temperature. This model suggests a mechanism wherein
erythrocyte membrane deformability depends on integral protein homomultimeric interactions and can be modulated from the
external surface.
INTRODUCTION
The red blood cell is extraordinarily deformable, a property
that allows the cell to repeatedly pass through capillaries
that may have diameters as small as one third of its dimen-
sion. The deformability of the red cell is a consequence of
the remarkable elasticity of the cell membrane, which cor-
responds to a material -100-fold softer than a rubber sheet
of comparable thickness. This elasticity is determined by a
composite structure consisting of an outer fluid-like lipid
bilayer coupled to the inner membrane skeletal network. It
has long been assumed that the skeletal network is respon-
sible for the membrane deformability. A widely held model
for the red cell membrane elasticity is based on the assump-
tion that spectrin, the principal protein of the skeletal net-
work, exhibits random-walk entropic-spring behavior
(Bennett, 1985, 1990; Stokke et al., 1986). In this model, the
red cell membrane shear modulus is determined by a single
molecular parameter, the area density of the spectrin tet-
ramer chains. Refinement of the model by computer simu-
lation reveals that the spectrin network can have very dif-
ferent properties from those of the individual chains in
isolation (Boal et al., 1992, 1993; Boal, 1994). Although the
entropy-spring model has been the most popular, other
explanations of red cell elasticity have also been put for-
ward (Waugh and Evans, 1979; Marchesi, 1985; Shen et al.,
1986; Speicher, 1986; Steck, 1989; McGough and Josephs,
1990; Bloch and Pumplin, 1992).
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According to the entropy-spring model, the membrane
elasticity is due solely to the properties of spectrins, and
other skeletal proteins play only a supporting role. Evidence
is emerging, however, that other proteins may be more
active participants than had previously been assumed. In-
deed, alterations in erythrocyte shape and deformability
have been directly correlated with changes in integral mem-
brane protein organization (Smith et al., 1979; McPherson
et al., 1992, 1993; Che et al., 1993). In particular, there are
two quite different sets of information in the literature
which show that the red cell membrane rigidity is pro-
foundly dependent on integral membrane proteins that span
the bilayer. One set pertains to a marked increase in mem-
brane rigidity as well as lateral immobilization of the major
intramembrane proteins, glycophorin A and band 3, that
is induced by anti-glycophorin antibodies (Chasis et al.,
1985, 1988; Golan and Agre, 1994; Knowles et al., 1994;
Mohandas and Evans, 1994; Che and Cherry, 1995). The
other set describes southeast Asian ovalocytosis. This dis-
ease is caused by a mutation very close to the transmem-
brane domain of band 3 protein, the result of which is a
remarkable increase in rigidity of the cell membrane (Saul
et al., 1984; Liu et al., 1990; Tilley et al., 1990, 1991, 1993;
Mohandas, 1992; Mohandas et al., 1992; Moriyama et al.,
1992; Schofield et al., 1992; Tilley and Sawyer, 1992;
Moriyama et al., 1993). In addition, atomic force micro-
scope images of the cytoplasmic face of the red cell mem-
brane seem to show spectrin both looping out from the
membrane surface and stretched between what may be
clusters of integral membrane proteins, presumably band 3
(MacDonald et al., 1994).
The apparent influence of integral membrane proteins on
the mechanical properties of the red cell membrane can be
incorporated into current models of membrane elasticity but
does not naturally follow from them. It seemed worthwhile,
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therefore, to examine possible mechanisms of elasticity
wherein integral membrane proteins play a central role. This
examination led us to formulate a novel two-dimensional
model for red cell membrane elasticity wherein integral
membrane proteins form a matrix in which some are asso-
ciated in clusters and others are free. In the equilibrium
state, the tendency for these proteins to self-associate is
balanced by two-dimensional translational entropy; how-
ever, stress on the membrane disturbs this equilibrium,
pulling apart the associations along the axis of strain and,
given that membrane shear occurs at essentially constant
area, allows new associations to form normal to the axis of
strain. When the external force is released, random thermal
motion and the adhesive nature of the intramembrane par-
ticles (IMPs) reestablishes the original distribution of con-
nections. In this mechanism, spectrin plays no role in mem-
brane elasticity except for supplying constraints on protein
movement and linkages between the proteins for force
transmission. That is, the spectrin is not precluded from
being conformationally flexible, but in contrast to the en-
tropy-spring model, the IMP aggregation model treats the
deformation of the red cell membrane primarily as the result
of the recombination and redistribution of clusters of the
integral membrane proteins. We thus refer to this model as
the tethered adhesive particle (TAP) model.
Since the TAP model implicates self-association of inte-
gral membrane proteins, evidence for this putative adhesive
nature is particularly relevant. The literature on freeze-
fracture electron microscopy in fact provides abundant ex-
amples that dissociation of spectrin from the membrane, and
hence release of the associated IMPs from the restraint of
the spectrin tether, leads to aggregation of IMPs, now rec-
ognized to consist of integral membrane proteins. The ex-
tent of aggregation depends on the extent of spectrin disso-
ciation. Simple incubation to release a small proportion of
spectrin leads to modest clustering, whereas treatments such
as proteolysis that release a large proportion of the spectrin
lead to massive IMP aggregation. The original observation
on spectrin-dependent aggregation of IMPs was that low pH
induces particle aggregation at low ionic strength (Elgsaeter
and Branton, 1974; Cherry et al., 1976; Elgsaeter et al.,
1976; Yu and Branton, 1976), but it is now clear that when
ghosts are incubated at physiological ionic strength after
spectrin removal, very extensive aggregation of IMPs is also
observed (Elgsaeter and Branton, 1974; Weinstein et al.,
1978, 1980; Gerritsen et al., 1979; Ursitti et al., 1991).
A statistical thermodynamic analysis has been carried out
for this two-dimensional system of TAPs. The canonical
partition function for this system is first formulated. From
the thermodynamic principle that the partial change of the
free energy function with respect to the strain in a principal
direction should be equal to the stress in that same direction,
a constitutive strain-stress relation is deduced for deforma-
tion of the particle membrane at constant area, which leads
to an expression for the shear modulus as a function of the
shear strain. Given realistic estimation for the main un-
known parameter, namely the IMP association energy,
values corresponding to the measured shear modulus are
obtained.
THEORY
One-dimensional spring model of TAPs
The statistical thermodynamics and mechanics of the one-
dimensional spring model of TAPs is mathematically much
simpler than that of the two-dimensional model. An analyt-
ical solution of a multi-state particle model is possible for
the one-dimensional model but seems intractable for the
two-dimensional model. Consequently, the effect of simpli-
fying a multi-state to a two-state particle model can be
conveniently studied only in the one-dimensional case.
Furthermore, there is already an alternative solution for
the one-dimensional spring model of two-state particles
(Ben-Naim, 1992).
We consider a one-dimensional system consisting of a
string of N adhesive particles with dimension d in the
one-dimensional direction that are linked together by tethers
of length 1. Only nearest-neighbor interactions are consid-
ered. The separation between two neighboring particles may
be n steps of length a. This step length a can be treated as
the diameter of the objects that are supposed to always fill
the spaces between particles. For application of the TAP
model to the red cell membrane, the integral membrane
constellation that constitutes the primary anchor between
the spectrin network and the bilayer membrane (presumably
a band 3 tetramer-ankyrin complex) would correspond to
the particles in the present model. The objects between
particles correspond to the lipid molecules (Fig. 1). The role
of the tethers is to transmit the external force, which may
FIGURE 1 Schematic drawing of a one-dimensional model of TAPs.
The system considered is a string of N particles with dimension d linked
together by tethers of extended length 1. The particle adhesive energy is q.
Between particles are inserts of dimension a. The particle thus has multiple
states of the number lla. A particle and its associated tether are treated as
a basic unit. Each basic unit thus has n + 1 (n = I/a) states, each having
a unit length of d + i(a/l) (i = 0, 1, 2 *, n), respectively. When a = 1,
the particles have only two possible states: the tether is either folded with
a unit length of d or fully stretched with a unit length of d + 1. An external
force o is needed to preserve a given length L of the system.
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lead to dissociation of adhesive particles, and to supply a
constraint on particle displacement in the one-dimensional
direction or in the membrane plane in the two-dimensional
case. The interparticle adhesive energy is q. At a given
temperature T, the equilibrium state is characterized by a
particle distribution entropy that is at a maximum. We
denote this equilibrium length of the system by Lo; it cor-
responds to the equilibrium external force uo. From this
equilibrium position, the length of the system can be
changed to L under the action of an external force or. After
the external force is released, the length will return to its
equilibrium value by random thermal diffusion. This string
of TAPs thus forms a one-dimensional spring. We suppose
that this string is composed ofN basic units, each containing
a particle and a tether or a set of tethers (the present study
is not concerned with the details of the tether-particle struc-
ture). For a multi-state particle model of object size a, there
are n = lla possible values of d + ia (i = 0, 1, 2, * * *, n) for
the length of a basic unit. The canonical (isothermal) par-
tition function of this one-dimensional system, Q1 =
Q1(N, L, I), can be formulated as
Ql = rN
and
r+ =exp kkTd +/vd)
lla [ q +(7-(d + ia)]
-ep kT + kTi=l ~ ~ T(+i)
= exp(T){i+ [1 -exp(oai/k7)- kT kT
where k is the Boltzmann constant and T is the absolute
temperature. The length L of this one-dimensional system
can then be found as the partial change of Q1 with respect
to the force CT under constant temperature:
aQ1
L= kT . (2)
of Ila, for example, at Ila = 200, for various adhesive
energies of q = 0.2 kT, 1 kT and 5 kT in Fig. 2 a. Around
an equilibrium position near the middle of each curve, the
larger the force, the longer the length and vice versa. The
system thus behaves like a spring under the action of the
external force. However, the length-force relation of this
TAP spring is nonlinear, i.e., the flexibility of this spring, f,
which is the reciprocal of the rigidity /le,
1 aL
e = c'
(5)
is not constant with force CT. We define a dimensionless
flexibility f* as
AL Nl2
f*a kT'
and plot in Fig. 2 b the dimensionless flexibility-force
relation,f* versus CT , again at Ila = 200, for the association
energies of q = 0.2 kT, 1 kT, and 5 kT. Although not
explicitly known at this point, there is a particular value of
the external force, the equilibrium value C0, where the
flexibility has its maximum. The flexibility of this nonlinear
spring always decreases with either increase or decrease of
the external force from its equilibrium value CTO, a behavior
called strain-hardening. The reason this one-dimensional
model exhibits strain-hardening is that the distributional
entropy of the system has a maximum around the equilib-
rium value, where the partial change of the entropy with
respect to the force (or length) is zero. Any departure from
the equilibrium position causes the rate of the entropy
change with the force (or length) to increase and the larger
the force, the larger this rate increases.
The equilibrium length Lo can be found by solving the
equation
a2L
-- 0 (7)
The result is
for the equilibrium force CT0, which then gives the equilib-
(3) rium length Lo from Eq. 3. Lo can be written as:
Lo=N(d+al) and 0<a<l.
a exp(;) exp k q]xoexp(
l + [_ exp(a/k)]exp( -k +
We define a dimensionless length L* and a dimensionless
force OrT as follows
/L \d cr
L*= KNd-l)l and o* . (4)
We then plot L* versus a, for a one-dimensional array of
tethered adhesive multi-state particles at a given value
(8)
For a system of particles of multiple states, it is complicated
to deduce explicit expressions for the flexibility f = aLIado
from Eq. 3 or for the equilibrium length Lo from Eq. 7.
Particular solutions for given values of Ila can be obtained,
however, with a computer symbolic manipulation program
such as Mathematica. For example, for the given value of
l/a = 200 and q = 5 kT, it is found that at cT = CTo = 0.248
qil; the flexibility has a maximum, and the equilibrium
length is Lo N(d + 0.4391), i.e., a 0.439.
In the case of a = 1, we have the simplest two-state
particle model: the tether in each basic unit of the system is
either folded to have a basic unit length of d or fully
stretched to have a basic unit length of (d + 1). In this
L d
Nd I
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FIGURE 2 The one-dimensional elasticity model of TAPs with multiple states (I/a = 200). (a) The length-force relation in a dimensionless form:
(LINd - 1)(dll) versus a/(qll) for various particle association energies of q = 0.2 kT, 1 kT, and 5 kT. An equilibrium length is always observed, but the
magnitude of the equilibrium length and force depends on the value of q. In all cases, the larger the extension from the equilibrium position, the larger the
force. The TAP system thus behaves like a prestressed, nonlinear spring. (b) The flexibility-force relation in a dimensionless form: (aliao)I(N121k) versus
oal(qll). At equilibrium, the system exhibits its maximum value of flexibility. This maximum value depends on the magnitude of the particle association
energy q. For displacement from equilibrium, strain-hardening is observed, i.e., the flexibility depends on extensional force. The larger the external force,
the smaller the flexibility.
simplest case, all of the above results are greatly simplified.
The length-force relation, Eq. 3, becomes
LNd d exp(-qlkT + o1l/kT)
Nd I I + exp(-qlkT+ al/kl)
which can be solved for an explicit force-length relation:
q kT (LlNd -1)(dll)
+ 1 -(LlNd-1)(dll) (10)
The equilibrium length is Lo = N(d + 1/2), i.e., a = 0.5. The
equilibrium force is oO = qll. For L > Lo, 0r > oO and for
L < Lo, o- < co. This two-state particle system thus behaves
like a spring with a prestress aO = qll.
In Fig. 3, a and b, are plotted the dimensionless length-
force relation and the dimensionless flexibility-force rela-
tion, i.e., L* = (LINd - 1)(dll) and f = (aL./a)I(Nl2kT)
versus r = or/(q/l), for the two-state particle model (lla =
1) for the particle adhesive energies q = 0.2 kT, 1 kT, and
5 kT. Comparison of Fig. 3, a and b, with Fig. 2, a and b,
allows two conclusions. 1) Regardless of the magnitude of
the particle adhesive energy, the equilibrium length is al-
ways Lo = N(d + 1/2), i.e., ao always has the value 0.5, and
the equilibrium force is always uo = qll; 2) The flexibility
has its maximum at the equilibrium position, and this max-
imum is always equal to Nl214kT. In other words, regardless
of the strength of the particle adhesive energy, for the
two-state particle model the rigidity for the system at equi-
librium is always
4kT
lie = N12 (11)
It is interesting to compare this result to that given by the
random-walk polymer model of rubber elasticity theory in
which the external force is proportional to the extensional
deformation for a Gaussian chain composed of N links of
length 1. This proportionality, i.e., the extensional rigidity, is
constant with deformation and is given by ,t = 3kT/Nl2
(Treloar, 1979). Like the random-walk polymer, the two-
state TAP model is also an entropy spring, and whereas the
random-walk model depends on the conformational entropy
of the chain, the TAP model is based on the particle distri-
bution entropy. The TAP model allows only extensional
deformation, and the links do not have rotational freedom.
Hence its equilibrium value of the rigidity is one third larger
than that for the random-walk entropy-spring model.
The solution for a one-dimensional system consisting of
a string of elements, each of which can be in one of two
states (long or short), has been derived using the partition
matrix element method (Ben-Naim, 1992). It can be shown
in this simple case that although the partition matrix element
method differs from the present treatment, its result with
elasticity can lead to, and thus is equivalent, to our Eq. 10.
The idea for the two-state particle model is parallel to the
Lenz-Ising model for the ferromagnetization of a set of
spins (Brush, 1967).
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FIGURE 3 The one-dimensional elasticity model of TAPs with two states only. (a) The length-force relation in a dimensionless form: (L/Nd 1)(d/l)
versus o-/(qll) for the same values of the particle association energies of q = 0.2 kT, 1 kT, and 5 kT as given in Fig. 2, a and b. Similar to the multi-state
particle model, the two-state particle system behaves like a spring. The equilibrium length and force, however, are independent of the particle association
energy q and always have the values of Lo = N(d + 112) and aO = qll. (b) The flexibility-force relation in dimensionless form: (aL/dao)/(NI21kT) versus
o-/(qll). At equilibrium, the system has maximal flexibility. This maximal flexibility is independent of the magnitude of the particle association energy q
and always has the value of N121(4k). The equilibrium force is equal to ao = qll, which corresponds to the equilibrium length Lo = N(d + 1/2). A
strain-hardening response is observed.
Two-dimensional elasticity model of TAPs
Consider a planar array of TAPs on which a coordinate
system Ox1x2 is constructed. There are altogether N2 adhe-
sive particles connected by flexible tethers. The cross-sec-
tion of each particle in the membrane plane is a circle of
diameter d. The tethers confine the maximum separation of
the particles in the membrane plane to the tether length 1.
The total number of tethers and the way they are organized
is not relevant to the present model. The maximum and
minimum areas of the membrane are [N(d + 1)]2 and (Nd)2,
respectively. Under the action of the stress o-1 in the xl
direction and o-2 in the x2 direction, the dimensions of this
membrane are deformed to L1 in the xl direction and to L2
in the x2 direction, respectively. If xl and x2 are the two
principal directions, a maximum shear strain occurs at an
angle of 450 to the xl or the x2 direction (Fig. 4). The
membrane stress is defined as the force per unit length of
the membrane edge. Equilibrium will be characterized by a
particular area. Any displacement therefrom will cause
more particles to associate or dissociate. The loss or acqui-
sition of the adhesive energy is compensated for by the
increase or decrease in the distribution entropy of the par-
ticles in the membrane plane due to the dimension change.
Because the structure of the membrane in the two principal
directions xl and x2 should be the same, the equilibrium
dimensions of the membrane in these two directions should
also be the same, i.e., there should be L1 = L2= Lo, which
corresponds to the stresses a, = a2= ao at equilibrium.
For mathematical simplicity, we consider only the two-
state particle model for the two-dimensional elasticity prob-
T U2
X2
8 88 888 01
888888888
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FIGURE 4 Schematic drawing of a planar membrane of TAPs. There are
altogether N2 particles within this system. The cross-section of the particles
within the membrane plane is a circle of diameter d. All particles are
connected by tethers of length 1. The role of the tethers is only to supply
constraint for the movement of the particles in the membrane plane and to
transfer external force to break the particle-particle associations. The
maximum and minimum area of this membrane is [N(d + 1)]2 and (Nd)2,
respectively. Under the action of the stresses o, in the xl direction and a2
in the x2 direction, the dimensions of this membrane are deformed from an
equilibrium size of Lo X Lo to L1 X L2, respectively. In the case of an
area-conserving deformation, LIL2 = L.2. Extension in the xl direction is
accompanied by contraction in the perpendicular x2 direction.
lem. As in the one-dimensional model, in any direction xl
and x2, we consider one particle and an associated tether as a
basic unit of the system. Each basic unit in the xl or in x2
A (Nd -1Nd
861Feng and MacDonald
al
,%--, N.-If
L2 --
Volume 70 February 1996
direction has only two states: the particle is either asso-
ciated with its neighbor at the unit length d or dissociated
from its neighbor at the unit length (d + 1). The canonical
partition function for this two-dimensional system at the
temperature T, Q2 = Q2(N, L1, L2, 7), can thus be written
as follows
Qi = rNrN (12)
with
r, = exp )[1 + exp( - + (T3a)
(kT )[ ( kT kT )
r2= exp(;1d)I + exp( ?) (13b)
Following standard procedures of statistical thermodynam-
ics, the physical forces o-1L2 in the xl direction and o-2L1 in
the x2 direction can be obtained from the partial change of
the free energy with respect to the length as:
a1L2 = kT a and o2L1 = kT a (14)aL1 aIL2
After some manipulation, we find the force-length relation
for this TAP membrane in which the two principal forces
and the two principal lengths are coupled according to:
Nq kT (L1/Nd - 1)(dll)
rlL2= log 1-(LIINd -1)(dll)
Nq kT (/2INd - 1)(d/l)
ov2Ll= I + 1l -(2INd-1)(dl)'
(15a)
(15b)
can be obtained under the condition of LI = L2 = L. The
mean force &L at the equilibrium state is thus
Nq kT (LINd - 1)(dll)
1 1 - (LINd- 1)(dll) (17)
The equilibrium dimension and the equilibrium isotropic
stress are then found to be
I( ) NqLo = N d + 2and &r° = (18)
Note that, as for the one-dimensional model, in general the
lengths can be written in the form of LI = N(d + a1l) and
L2 = N(d + a21) with 0 < a1, a2< 1. The equilibrium value
of a, and a2 are both equal to 0.5. This value of a0 = 0.5
is the result of the oversimplification inherent in the two-
state particle assumption. a = 0.5 means that 50% of the
tethers are folded and 50% are fully stretched in each of the
two principle directions.
We now examine the elastic characteristics that this pla-
nar array of tethered two-state particles may have in pure
shear deformation, which means that deformations of the
membrane occur at constant area, i.e., where the variables
LI and L2 are related by the following area-conserving
condition:
L1L2 = Lo. (19)
The shear strain can be computed from the extension ration
L1/LO as
=[(L)- (,)2
Under the action of stresses oj and or2 of arbitrary magni-
tude, the deformation of this membrane can be decomposed
into two different kinds of deformation: a pure area expan-
sion or compression without shape distortion and a pure
shear deformation at a constant area (Evans and Skalak,
1980). The area deformation is caused by the mean stress,
(i = (or- + o72)/2, and the pure shear deformation is pro-
duced by the shear stress, which is half of the difference
between the two principal stresses, T = (oc - o-2)/2. Related
to the equilibrium state, any change in dimension causes
more particles to associate or dissociate so that the total
adhesive energy change is partially compensated for by the
change in the particle distribution entropy of the membrane
due to the departure from the equilibrium dimensions.
The equilibrium dimension can be found from the prin-
ciple that the shear deformation should be zero in the
equilibrium state, because there can be no directional
preference for the deformation of the membrane at equi-
librium. This means the shear stress would be zero at
equilibrium. Therefore,
T=½/2(0-1-2)=0 (16)
is one of the equations to be solved to find the equilibrium
size Lo. From Eqs. l5a and 15b, the zero shear stress state
(20)
(Evans and Skalak, 1980), which can be solved to express
the extension ratio in shear deformation as
L2
2= + 11i+f.
Lo
' (21)
The shear stress can be computed from Eqs. l5a and 15b as
T = ½/2(0 - 02) (22)
1[Nq(L1 Lo (kT\/L1log (L1/Nd -1)(d/l)
2[L0l1L0 L1 +L0l)\L)lg 1-(L1/Nd - 1)(d/l)
/ kT\h4\ (L/L1Nd- 1)(d/l)
LsolL. g1 -(L/L1Nd-1)(dll)J
If particle adhesion involves only weak noncovalent bonds,
the energy q may have a magnitude of only a few kT, i.e.,
qlkT - 0(1). Because N2 is the total number of the particles
in this two-dimensional system, N is a very large number.
Therefore, (kT/Nq) << 1. Compared with the first term in
the brackets on the right side of Eq. 22, the second and third
terms are all very small and thus can be neglected. We
denote the area density of particles for the membrane at
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equilibrium by No, i.e.,
N2
The stress-extension ratio relation, Eq. 22, is then approxi-
mated by
21 [(Lo Lt)], (24)
which, combined with Eq. 21, can be converted easily to the
shear stress-shear strain relation as follows
N=21 [(y+ y2+ )"1/2 (y+ y2+ 1)-1/2] (25)
The two curves in Fig. 5 are plots of the shear stress
(normalized by the quantity X/Noq/21) versus (a) the shear
deformation y and (b) the extension ratio L1/LO in the
principal direction xl. We can see from curve a that the
shear stress is not strictly proportional to the shear strain.
The tethered particle system in shear deformation is a non-
linear spring.
One of the two constitutive equations of membrane ther-
modynamics relates the shear stress to the shear strain as
T sTs (26)
i.e., the shear stress is proportional to the shear strain (Evans
and Skalak, 1980). The proportionality coefficient, ,us, the
21
1.5
1
0.5
b a
1 2 3 4
(a) -y or (b) L/Lo
FIGURE 5 The two-dimensional elasticity of planar TAPs with two
states only. The shear stress (normalized by the quantity \fNoq/21) is
plotted versus the shear deformation, y (curve a) and versus the extension ratio
L1/LO (curve b). The shear stress is not exactly proportional to the shear strain;
the system behaves like a nonlinear spring in shear deformation.
shear modulus, characterizes the mechanical behavior of the
membrane in shear deformation. Note that ,s is not neces-
sarily a constant. Indeed, as we shall show later, in general
it depends on the shear deformation. For the present model,
the shear modulus can be found by taking the derivative of
Eq. 22 with respect to y. Noting first that
aT aTa Ll
IJ7SaYaLa8(27)
we find
LIILO
= 2(L2/Lo + Lo/Ll)
Lo Nq kT (L1Nd- 1)(d/l)
x [1 + ) 41 + log 1-(L1 Nd-l)(d/1)
LokT (L/L,Nd - 1)(d/l)
+ 41 log 1-(LiL1Nd-l)(d/l) (28)
LkT/lLolNd
(L1/Nd - 1)[l - (L1/Nd -l)(d/l)]
LkT/L1Nd
(L21LNd - 1)[1 - (LlL1Nd -)(dll)]
Compared with the first term in the bracket on the right side
of Eq. 28, the remaining three terms are all small quantities
of higher order of magnitude and thus can be neglected
when there is weak association between particles. The shear
modulus can therefore be approximated as
rN0q(L1/Lo + /L1I(9/S - 21 (L2/Lg + L/L2)' (29)
which can be related to the shear strain according to
'us
= Nq (y + y+1)2+ (y + + 1/2)]31
21 (y+ y~+)+ (y+ y+1)1~ (0
The two curves in Fig. 6 are plots of the shear modulus p,u
(normalized by the quantity \/Noq/21), versus (a) the shear
deformation y and (b) the extension ratio L1/LO in the
principal direction xl. We see that the shear modulus is not
constant with shear strain. Instead, shear softening is ob-
served, i.e., the shear modulus decreases as the shear strain
increases. It is interesting to compare the one- and two-
dimensional models of TAPs; the former exhibits strain-
hardening in extension whereas the latter exhibits shear
softening in shear deformation. As explained above, the
force needed to break the particle adhesion so as to extend
the one-dimensional spring is a constant force of the mag-
nitude qll. The one-dimensional elasticity model undergoes
strain-hardening in extension because the particle distribu-
tion entropy increases with increasing spring length. For the
two-dimensional model in shear deformation, the situation
is different. Shear deformation is the result of an extension
in one principal direction and a corresponding contraction in
Feng and MacDonald 863
Volume 70 February 1996
(a) y or (b) L/Lo
2 3 4
b a
22!
FIGURE 6 The two-dimensional elasticity of planar TAPs with
two states only. The shear modulus ,u (normalized by the quantity
\N,ql2l) is plotted versus the shear deformation -y (curve a) and versus
the extension ratio L1/Lo (curve b). The shear modulus is not constant in the
shear strain. In this case, shear softening is observed, i.e., the shear
modulus decreases as the shear strain increases. At equilibrium, i.e., when
the zero shear strain -y = 0, or equivalently, when the extension ratio
LI/LO = 1, the shear modulus has a value of \/Noq/21, where No is the area
density of the particles in the membrane plane, q the particle association
energy, and I the tether length. For red blood cell membranes, No and q
could represent the area density and the association energy of the band 3
aggregates, and 1 is the length of the spectrin tetramer to which the band
3 aggregate is connected via ankyrin.
the perpendicular direction at constant area. Particle disso-
ciation in one principle dimension is thus compensated by
particle adhesion in the other principle dimension.
In the equilibrium state, i.e., at the shear strain -y = 0, or
equivalently, at the unit extension ratio L1/LO = L2/LO = 1,
Eqs. 29 and 30 become a very simple expression for the
equilibrium value of the shear modulus, i.e.,
_N0q/is= 21 (31)
This expression reveals that, according to the two-dimen-
sional TAP model of the shear elasticity, the shear modulus
of the membrane is proportional to the square root of the
area density of the particles and the particle adhesion energy
strength but inversely proportional to the length of the
tethers. Intuitively, these relationships are readily under-
stood. According to membrane mechanics, an extension in a
particular direction is characterized by a pure shear defor-
mation at an inclination of 450 with respect to that direction.
qil is the force needed to break the association between the
particles along a line in the direction of extension. oa =\Nij * qll is therefore the stress needed to break the particle
associations in the extension direction. The shear stress at
450 to the axis of extension is T = oa/2 = \/NK * q/21. This
means that the shear modulus represents half the magnitude
of the extensional stress. The larger the particle adhesion
energy, the larger the extensional stress needed to produce
enough work (\/No q) to dissociate the particles and ex-
tend the membrane, and hence the larger the shear modulus.
In contrast, the longer the tether, the smaller the extensional
stress needed to produce a given amount of work
(\/iNOj q) to dissociate the particles and extend the mem-
brane, and hence the smaller the shear modulus. Moreover,
the larger the area density of the particles, the more particles
must be dissociated to extend the membrane. The square
root dependence of the area density of the particles charac-
terizes shear deformation, i.e., one-dimensional extension.
APPLICATION TO THE RED BLOOD
CELL MEMBRANE
We now suggest how the TAP model can be applied to the
red blood cell membrane. We also examine how the mac-
roscopic mechanical properties of the cell membrane in
shear deformation can be qualitatively explained on the
basis of the membrane skeleton structure and intrinsic mem-
brane protein behavior. Furthermore, a quantitative estimate
of some critical physical parameters can be made on the
basis of the model presented here.
The red cell membrane is a fluid lipid bilayer containing
a number of integral membrane proteins. The major integral
membrane protein is band 3, constituting -15-20% of total
membrane proteins. There are - 1.2 X 106 copies of band 3
molecules per cell (Cabantchik et al., 1978; Steck, 1978).
Among them, 40% are immobile and anchored to the un-
derlying skeletal network via ankyrin (Nigg and Cherry,
1980). The maximum bonding of ankyrin to band 3 is 1:1
(Bennett and Stenbuck, 1979), but the ratio of the number of
ankyrin to the number of band 3 is 1:10 - 1:8 (Bennett,
1985). It has been shown by various experimental means
such as freeze-fracture microscopy (Elgsaeter et al., 1976;
Yu and Branton, 1976; Gerritsen et al., 1979; Weinstein
et al., 1980), analytical ultracentrifuge sedimentation (Dorst
and Schubert, 1979; Mulzer et al., 1990; Schuck and Schu-
bert, 1991; Wong, 1993), lipid membrane conductance mea-
surement (Benz et al., 1984), and fluorescence photobleach-
ing recovery (Golan and Veatch, 1980; Nigg and Cherry,
1980) that band 3 molecules aggregate in the membrane to
form tetramers and/or larger oligomers (Low, 1986; Tilley
and Sawyer, 1992), and the band 3 tetramers associate with
each other with low affinity. The latter would decrease the
diffusion constant owing to increased effective size of ag-
gregates and would reduce the mobility of those proteins
associated with an ankyrin-anchored tetramer (Bennett,
1983).
On the inner surface of the red cell is the membrane
skeleton, a network of spectrins, and a number of associated
proteins. Spectrin is a flexible, bead-on-a-string-like mac-
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romolecule, which presents in the red cell membrane at
- 1.2 X 105 tetramers of contour length 200 nm (Steck,
1974). The spectrins are connected in primarily hexagonal
array. Junctional complexes, representing actin and the as-
sociated proteins, are located at the center and on six corners
of the hexagon (Liu et al., 1987). The skeleton network is
intimately coupled to the bilayer membrane at a limited
number of sites, mainly via two molecular interactions
between integral proteins and spectrins. The first linkage is
provided by ankyrin (band 2.1), which simultaneously in-
teracts with band 3 in the bilayer and with spectrin in the
skeleton. The second linkage between bilayer and spectrin is
provided by protein 4.1, which interacts simultaneously
with glycophorin C and the skeletal spectrin. However,
ankyrin seems to be the primary determinant for physical
linkage between the lipid bilayer and the skeletal network.
(Lux et al., 1990; Nakao, 1990).
In applying the TAP model to the red cell membrane, the
particle is taken to represent the band 3 tetramer/ankyrin
complex and the tether to represent the flexible spectrin
tetramer. The total number of ankyrins in a cell is
-120,000. The surface area of an erythrocyte is -140 Amm2
(Canham, 1970; Hochmuth, 1987). The area density of the
membrane particles is thus No 120,000/140 860/gum2.
The tether length is taken to be 80 nm, i.e., I = 1600 A (Liu
et al., 1987). Given these values, Eq. 31 predicts the value
of the shear modulus, which is a phenomenological property
of the cell membrane, to be
.IX6-i X 104X 4.14 X 10-14(
/i 2 X 1600 x 10-8 T
(32)
0.38 X l0-x(x )
Eq. 32 can be used to estimate the band 3 particle adhesion
energy q from the measured shear modulus ,us, which ac-
cording to micropipette experiments is 6-9 X 10-3 mN/m
(Hochmuth, 1987); the corresponding range of q is calcu-
lated to be 4.0-5.9 kT, or equivalently, 2.4-3.5 Kcal/mol at
T = 3000 K. This energy corresponds roughly to the energy
of a hydrogen bond or to that of the hydrophobic interaction
of a few methylene groups.
DISCUSSION
The simple result, Eq. 31, is obtained under two significant
approximations. 1) The tethers have only two states, either
fully stretched or completely folded, and 2) compared with
the predominant role of the interparticle adhesive energy,
the effect on the membrane elasticity of the particle distri-
bution entropy can be neglected. From the analysis for the
one-dimensional model, it is clear that the two-state particle
model oversimplifies the structure of the tethers in the
network, resulting in a larger flexibility, i.e., a smaller
rigidity. If the effect of the particle distribution entropy is
neglected, however, the difference between the two-state
model and the multi-state model does not appear in the
result. Even for weak interaction between particles with
adhesive energies in the range of a few kTs, the error
produced by neglecting particle distribution entropy terms is
only on the order of kT/Nq, which is <0.3% when N2
represents the total number of integral membrane particles
in the red cell membrane, i.e., N2 = 860/pkm2 X 140 tkm2
120,000 and N 350. Another effect of the two-state
particle oversimplification is that it always results in the
equilibrium size Lo = N(d + 1/2), no matter how large the
interparticle interaction. The reason for this is that the
equilibrium size is determined by the particle distribution
for which the distribution entropy is maximal. For the
two-state particle model, the distribution entropy always has
a maximum when the size of the membrane is N(d + 1/2).
For the multi-state particle model, however, the equilibrium
dimension for which the system has a maximum particle
distribution entropy is a function of the interparticle inter-
action. The analysis of the one-dimensional model showed
that the deviation of the equilibrium size from Lo = N(d +
1/2) is not serious.
It should be pointed out that the equilibrium size is
determined with the particle distribution entropy included in
the formulation, although it is subsequently found to make
a negligible contribution to the shear modulus. Neglect of
the entropy terms in the analysis of the membrane mechan-
ics is simply for the sake of mathematical convenience and
does not imply that the particles come together without the
resistance due to deviations of the particle distribution en-
tropy from its maximum value. Moreover, the extent of the
particle aggregation in the equilibrium state is limited by
the tethers.
The present theory considers the particle adhesive energy
and the particle distribution entropy as a possible molecular
source of the membrane elasticity in deformations at con-
stant area. Eq. 31 describes the quantitative relationship of
the membrane shear modulus to the particle adhesion en-
ergy, q, the area density of particles, No, and the tether
length, 1, which are the three physical parameters relevant to
membrane macroscopic properties. When considering the
complexity in structure of the red cell membrane, it is to be
expected that there must be many other factors that may
regulate the red cell membrane properties in addition to
those considered here. One such factor, which is potentially
very important and has received considerable attention, is
the conformational entropy of spectrin. The random-walk
polymer entropy-spring model has been used to predict the
membrane shear modulus. The prediction is very simple: pu
= NSkT, where N, is the area density of spectrin tetramers
(Stokke et al., 1986). Here N, is the only microscopic
parameter of the membrane structure relevant to the mac-
roscopic properties of the membrane. The model we present
emphasizes other structural components of the membrane.
Accurate representation of the membrane properties will
undoubtedly require a combination of these and other
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Although more factors are involved in the present theory
than in the polymer entropy-spring approach, there is an
obvious similarity between the two models, in that entropy
is a critical thermodynamic parameter in both. In the former,
however, the conformation entropy of the chain-like spec-
trin in the membrane skeletal network is the sole determi-
nant of membrane elasticity. In contrast, in the TAP model,
the enthalpy, in the form of the particle-particle adhesion
energy, is also considered important. In this model the
tethers play no role except for supplying a constraint to
the particle displacement and transmitting an external force.
The important difference between the two models with
regard to the red cell membrane elasticity is that the TAP
model allows modulation of the membrane rigidity at the
level of the bilayer membrane, which also includes the
external surface of the red cell. We regard this as signifi-
cant, not only because there is evidence that band 3 is
self-adhesive, but also because its transmembrane domain
has been implicated in cell rigidity. Furthermore, because
there is evidence for an association of glycophorin and band
3 (Che and Cherry, 1995), the effect of antiglycophorin
antibodies on membrane elasticity could be explained as
transmission of a conformational change from glycophorin
to band 3, thereby affecting the magnitude of q. It would
seem appropriate that models for red blood cell membrane
elasticity take this factor explicitly into account. It should be
recognized that the TAP model does not preclude the addi-
tional component of the red cell membrane elasticity due to
the random-walk entropy of the spectrins in the skeletal
network; indeed, there is enough evidence that spectrin is at
least moderately flexible and that a complete statistical
thermodynamic model would need to include the entropy
components attributable to available configurations of the
spectrin molecules in the skeletal network.
This work was supported by National Institutes of Health Grant IPOI
HL45168.
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